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Abstract
Our goal of this paper is to develop a new upscaling method for multicontinua flow problems in
fractured porous media. We consider a system of equations that describes flow phenomena with multiple
flow variables defined on both matrix and fractures. To construct our upscaled model, we will apply the
nonlocal multicontinua (NLMC) upscaling technique. The upscaled coefficients are obtained by using
some multiscale basis functions, which are solutions of local problems defined on oversampled regions. For
each continuum within a target coarse element, we will solve a local problem defined on an oversampling
region obtained by extending the target element by few coarse grid layers, with a set of constraints which
enforce the local solution to have mean value one on the chosen continuum and zero mean otherwise.
The resulting multiscale basis functions have been shown to have good approximation properties. To
illustrate the idea of our approach, we will consider a dual continua background model consisting of
discrete fractures in two space dimensions, that is, we consider a system with three continua. We will
present several numerical examples, and they show that our method is able to capture the interaction
between matrix continua and discrete fractures on the coarse grid efficiently.
1 Introduction
Multicontinuum models are common in many applications, for example, in geothermal reservoirs, oil and gas
production, nuclear waste disposal etc. In gas production from shale formation, we have highly heterogeneous
and a complex mixture of organic matter, inorganic matter and multiscale fractures [3, 1]. The small scale
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heterogeneities in such unconventional reservoirs can be described by multicontinua models with additional
lower dimensional discrete fracture for simulation of the flow in hydraulic fractures [8, 19]. Another example
is the fractured vuggy reservoirs, where multicontinuum models are used for characterization of the complex
interaction between vugges, fractures and porous matrix [33, 34, 36].
Simulation of the flow problems in the fractured porous media is challenging due to multiple scales and
high contrast of the properties. The fracture network requires a special approach in the construction of a
mathematical model and computational algorithms. Due to the high permeability of the fractures, they have
a significant effect on the flow processes. Moreover, fractures are different by the nature of their occurrence
(naturally fractured media, faults, hydraulic fracturing technology).
Complex processes in the fractured porous media require some type of the model reduction [15, 12, 11, 22,
16]. Typical approaches use an effective media property by the solution of the local problems in each coarse
cell or representative volume [25, 26]. Such approaches are not efficient for the case when each coarse grid
blocks contains multiple important modes [10, 35, 32, 5]. For such problems the multicontinuum models are
usually used. Specifically, in naturally fractured porous media, the fracture network is highly connected and
the double porosity (dual continuum) approaches are employed. Such models are built for an ideal case and
have a number of limitations. The interaction of the continuum in such models is determined by specifying
the transfer functions between the matrix and the fractures. The definition of these transfer functions is a
key issue for multicontinuum approach, since the construction of the exchange term is based on additional
assumptions. In the case of the large fractures, the fracture networks should be considered explicitly using
Discrete Fracture Model (DFM) or Embedded Fracture Model (EFM) [24, 27, 17, 18]. Accurate and explicit
consideration of the fracture flow and complex interaction with porous matrix leads to the large system of
equations and is computationally expensive. Several multiscale methods for such problems are presented,
for example, MsFEM [14, 27, 6, 28] or GMsFEM [4, 8, 2, 19, 7]. Recently, the authors in [9] proposed a new
nonlocal multicontinua method (NLMC) for construction of the upscaled coarse grid model. In NLMC, one
constructs multiscale basis functions which can capture complex matrix-fracture interaction by computing of
the multiscale basis functions in a local oversampling domain. The construction of the multiscale space starts
with the definition of the constraints that provide physical meanings for the coarse grid solution. Based on
the constraints, one can obtain the required multiscale spaces by solving a constraint energy minimization
problem in local domains. Moreover, since the local solutions are computed in an oversampled domain, the
mass transfers between fractures and matrix become non-local, and the resulting upscaled model contains
more effective properties of the flow problem. Recently, we extend this method for different applied problems
[9, 9, 30, 29, 31].
In this work, we consider the triple-continua model, where the background medium is considered to
be dual continua with additional lower-dimensional fracture, and there are corresponding mass transfer
between background medium and large fractures. The mathematical model is described by a coupled mixed
dimensional problem for simulation of the flow process in the fractured porous media with dual continuum
background. In order to reduce the size of the system and efficiently obtain solution of the presented
problem, we propose a coarse grid approximation using nonlocal multicontinuum method and construct
coupled multiscale basis functions. The implementation is based on the open-source library FEniCS, where
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we use geometry objects and interface to the linear solvers [20, 21].
This paper is organized as follows. In Section 2, we present problem formulation, where we consider a
multicontinuum model with discrete fractures and concentrate on the triple continuum model. In Section 3,
we consider fine grid approximation using finite volume method for the coupled system. Next, we construct
upscaled model using NLMC method for coupled system of equation in Section 4. Finally, in Section 5, we
construct an efficient numerical implementation and perform numerical investigation on two coarse grids and
different number of the oversampling layers in local domain construction. We note that, using property of
the constructed multiscale basis functions, we obtain a meaningful coarse grid upscaled model. We present
results of the numerical simulations for two-dimensional model problem with dual continuum background
medium and discrete fractures.
2 Problem formulation
Let Ω1 and Ω2 be the computational domains for first and second continua (Fig. 1). For flow in large scale
fractures, we consider a lower dimensional domain γ = ∪lγl [23, 13]. The mass conservation and Darcy laws
for the flow problem in Ω1 ∪ Ω2 ∪ γ indicates
c1
∂p1
∂t
+∇ · q1 + σ12(p1 − p2) + σ1f (p1 − pf ) = f1, x ∈ Ω1
q1 = −k1∇p1, x ∈ Ω1,
c1
∂p2
∂t
+∇ · q2 + σ21(p2 − p1) + σ2f (p2 − pf ) = f2, x ∈ Ω2
q2 = −k2∇p2, x ∈ Ω2,
cf
∂pf
∂t
+∇γ · qf + σf1(pf − p1) + σf2(pf − p2) = ff , x ∈ γ
qf = −kf∇γpf , x ∈ γ,
(1)
where qα, pα, fα are the flux, pressure and source term for the α continuum with α = 1, 2, f , where subindices
1, 2 are related for first and second continuums, and subindex f is related to the lower-dimensional fracture
model. Here kα = κα/µ, µ is the fluid viscosity, κα and cα are the permeability and compressibility of the α
continuum (α = 1, 2, f). System of equations (1) are coupled by the mass exchange terms between continua
σαβ (σαβ = σβα), where α, β = 1, 2 and β 6= α.
Substituting the Darcy’s equatio into the mass conservation equation, we obtain following system of
equations for p1, p2 and pf
c1
∂p1
∂t
−∇ · (k1∇p1) + σ12(p1 − p2) + σ1f (p1 − pf ) = f1, x ∈ Ω1
c1
∂p2
∂t
−∇ · (k2∇p2) + σ21(p2 − p1) + σ2f (p2 − pf ) = f2, x ∈ Ω2
cf
∂pf
∂t
−∇γ · (kf∇γpf ) + σf1(pf − p1) + σf2(pf − p2) = ff , x ∈ γ.
(2)
We consider system of equations (2) with the homogeneous Neumann boundary conditions and some given
initial conditions, p1 = p2 = pf = p0 for t = 0.
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Figure 1: Illustration of the multicontinuum model on computational domain Ω1 ∪ Ω2 ∪ γ
Note that, we can write the flow problem using a general multicontinuum model
cα
∂pα
∂t
+∇ · qα +
∑
β 6=α
σαβ(pα − pβ) = fα,
qα = −kα∇pα,
(3)
or we can write
cα
∂pα
∂t
−∇ · (kα∇pα) +
∑
β 6=α
σαβ(pα − pβ) = fα, (4)
where α, β = 1, 2, ..., N and N is the number of continua.
3 Approximation on the fine grid
Let T h denote a triangulation of the domain Ω = Ω1 = Ω2 and ∪jγj represent fractures, where j = 1, Nfrac
and Nfrac is the number of discrete fractures.
For approximation, we used finite volume method with discrete or embedded fracture models on the fine
grid for (p1, p2, pf )
c1
p1,i − pˇ1,i
τ
|ςi|+
∑
j
T1,ij(p1,i − p1,j) + σ12,ii(p1,i − p2,i) + σ1f,in(p1,i − pf,n) = f1|ςi|, ∀i = 1, N1f
c2
p2,i − pˇ2,i
τ
|ςi|+
∑
j
T2,ij(p2,i − p2,j) + σ12,ii(p2,i − p1,i) + σ2f,in(p2,i − pf,n) = f2|ςi|, ∀i = 1, N2f
cf
pf,l − pˇf,l
τ
|ιl|+
∑
n
Tf,ln(pf,l − pf,n) + σil(pf,n − p1,i) + σin(pf,n − p2,i) = ff |ιl|, ∀l = 1, Nff
(5)
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where T1,ij = k1|Eij |/dij , T2,ij = k2|Eij |/dij (|Eij | is the length of facet between cells ςi and ςj , dij is the
distance between midpoint of cells ςi and ςj), Tf,ln = bf/dln (dln is the distance between points l and n),
Nmf is the number of cells in Th, Nff is the number of cell related to fracture mesh Eγ , σil = σ if Eγ ∩∂ςi = ιl
and zero else. We use implicit scheme for time discretization and (pˇ1, pˇ2, pˇf ) is the solution from previous
time step and τ is the given time step.
We can write similar approximation for multicontinuum model
cα
pα,i − pˇα,i
τ
|ςi|+
∑
j
Tα,ij(pα,i − pα,j) +
∑
α 6=β
σαβ,ii(pα,i − pβ,i) = fα|ςi|, ∀i = 1, Nαf , (6)
where α = 1, 2...
In the matrix form, we have following system for p = (p1, p2, pf )
M
p− pˇ
τ
+ (A+Q)p = F, (7)
where
M =

M1 0 0
0 M2 0
0 0 Mf
 , A =

A1 0 0
0 A2 0
0 0 Af
 , (8)
Q =

Q12 +Q1f −Q12 −Q1f
−Q12 Q12 +Q2f −Q2f
−Q1f −Q2f Q1f +Q2f
 , (9)
and
M1 = {m1ij}, m1ij =
{
c1|ςi| i = j,
0 i 6= j , M2 = {m
2
ij}, m2ij =
{
c2|ςi| i = j,
0 i 6= j ,
Mf = {mfln}, mfln =
{
cf |ιl|/τ l = n,
0 l 6= n , Qαβ = {qαβ,il}, qαβ,il =
{
σαβ i = l,
0 i 6= l ,
where A1 = {T1,ij}, A2 = {T2,ij}, Af = {Wln}, F1 = {f1}, F2 = {f2}, fmi = fm|ςi|, Ff = {ffl }, ffl = ff |ιl|
and size of fine-grid system is Nf = N
1
f +N
2
f +N
f
f .
4 Non-local multi-continua upscaling on the coarse grid
Next, we construct an accurate approximation of the coupled system of equations using the NLMC approach.
To construct multiscale basis functions, one can solve local problems in local domain satisfying the flow
equations and subject to some constraints. We note the meaning of the constraints is that the local solution
has zero mean in other continua except the one for which it is formulated for. The resulting multiscale
basis functions have spatial decay property in local domains and can separate continua. The resulting basis
functions will be used in the construction of the upscaled model.
Let K+i be an oversampled region for the coarse cell Ki (see Figure 2) obtained by enlarging Ki by
several coarse cell layers. We will construct a set of basis functions, whose supports are K+i . Each of these
5
Figure 2: Illustration of the coarse mesh, fracture distribution and local domain. Coarse mesh 20×20. Local
domain with two-oversampling layers, K2
basis functions is related to the matrix component in Ki as well as each fracture network within Ki. For
fractures, we denote γ = ∪Ll=1γ(l), where γ(l) denotes the l-th fracture network and L is the total number of
fracture networks. We also write γ
(l)
j = Kj ∩ γ(l) as the fracture inside coarse cell Kj , and Lj is the number
of fracture networks in Kj . For each Ki, we will therefore obtain Lj + 2 basis functions: two for Ki (for dual
continuum background model) and one for each γ
(l)
i .
For the i-th coarse element Ki and the l-th continuum within Ki, we will obtain 3 basis functions
ψi,l = (ψi,l1 , ψ
i,l
2 , ψ
i,l
f ), whose supports are K
+
i . We denote a(ψ, v) as the variational form of the spatial
differential operator restricted on K+i . Then we can will find the basis function ψ
i,l = (ψi,l1 , ψ
i,l
2 , ψ
i,l
f ) such
that
a(ψi,l, v) = 〈µ, v〉
for all suitable test functions v, and subject to the following constraints∫
γ
(m)
j
ψi,lα = 0, ∀(j,m) 6= (i, l), and α = 1, 2, f
and ∫
γ
(l)
i
ψi,lα = 1, and for one fixed α and zero otherwise.
We note that the above is a set of constraints so that the resulting function has mean value one on the coarse
cell Ki for current continuum, and has mean value zero on all other coarse cells within K
+
i and on all coarse
cells for another continua.
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Below, we will write the above formulation in a more concrete setting. In particular, we have
A1 +Q12 +Q1f −Q12 −Q1f BT1 0 0
−Q12 A2 +Q12 +Q2f −Q2f 0 BT2 0
−Q1f −Q2f Af +Q1f +Q2f 0 0 BTf
B1 0 0 0 0 0
0 B2 0 0 0 0
0 0 Bf 0 0 0


ψ1
ψ2
ψf
µ1
µ2
µf

=

0
0
0
F1
F2
Ff

(10)
with zero Dirichlet boundary conditions on ∂K+i for ψα, α = 1, 2, f . We remark that (ψ1, ψ2, ψf ) denotes
each of the basis functions that satisfy the above constraints. Note that we used Lagrange multipliers µα
to impose the constraints in the multiscale basis construction, and that the matrices Bα are the mean value
operators.
To construct multiscale basis function with respect to each continuum, we set Fα = δi,j and Ff = 0 for
α = 1, 2. For multiscale basis function with respect to the l-th fracture network, we set F1 = F2 = 0 and
Ff = δi,jδm,l. In Figure 4, we depict a multiscale basis functions for each continuum in oversampled region
K+i = K
2
i (two oversampling coarse cell layers) in a 20× 20 coarse mesh. Combining these multiscale basis
functions, we obtain the following multiscale space
Vms = span{ψi,lα , α = 1, 2, f, i = 1, Nc, l = 1, Li + 2}
and the projection matrix
R =

R11 R12 R1f
R12 R22 R2f
R1f R2f Rff
 ,
RTαα =
[
ψ0,αα , ψ
1,α
α . . . ψ
Nc,α
α
]
, RTαβ =
[
ψ0,α+1α . . . ψ
0,Lα+1
α , ψ
1,α+1
α . . . ψ
1,Lα+2
α , . . . , ψ
Nc,α+1
α . . . ψ
Nc,Lα+Nc
α
]
,
RTmf =
[
ψ0,0f , ψ
1,0
f . . . ψ
Nc,0
f
]
, RTfm =
[
ψ0,1m . . . ψ
0,L0
m , ψ
1,1
m . . . ψ
1,L1
m , . . . , ψ
Nc,1
m . . . ψ
Nc,LNc
m
]
,
where α, β = 1, 2.
Therefore, the resulting upscaled coarse grid model reads
M¯
p¯n+1 − p¯n
τ
+ A¯p¯n+1 = F¯ , (11)
where A¯ = RART , F¯ = RF and p¯ = (p¯1, p¯2, p¯f ). We remark that p¯1, p¯2 and p¯f are the average cell
solution on coarse grid element for background matrices and for fracture media. That is, each component
of p¯m corresponds to the mean value of the solution on each coarse cell. Moreover, each component of p¯f
corresponds to the mean value of the solution on each fracture network with a coarse cell.
As an approximation, we can use diagonal mass matrix directly calculated on the coarse grid
M¯ =

M¯] 0 0
0 M¯2 0
0 0 M¯f
 , Q¯ =

Q¯12 + Q¯1f −Q¯12 −Q¯1f
−Q¯12 Q¯12 + Q¯2f −Q¯2f
−Q¯1f −Q¯2f Q¯1g + Q¯2f
 , F¯ =

F¯1
F¯2
F¯f
 ,
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where M¯α = diag{aα|Ki|} (α = 1, 2), M¯f = diag{af |γi|}, Q¯αβ = diag{σαβ |γi|} (α, β = 1, 2, f) and for the
right-hand side vector F¯α = {fα|Ki|} (α = 1, 2), F¯f = {ff |γi|}. We remark that the matrix A is non-local
and provide good approximation due to the coupled multiscale basis construction.
5 Numerical results
We consider a two-dimensional model problem with dual continuum background medium and discrete
fractures. We present a numerical result for the proposed multiscale method in computational domain
Ω = [0, 1]× [0, 1]. We construct an efficient numerical implementation and perform numerical investigation
on two coarse grids (20 × 20 and 40 × 40) and different number of the oversampling layers in local domain
construction, Ks with s = 1, 2, 3, 4. The coarse grid is uniform. In Figure 3, we depict the 20 × 20 and
40 × 40 coarse grids, where the fracture lines are depicted with red color. The fractures are approximated
on the fine grid using embedded fracture model (EFM) and fine grid is 120× 120 (14400 quadrilateral cells).
For fracture fine grid, we have 1042 cells. Therefore, the fine grid system has 29842 degrees of freedom,
DOFf = 29842.
Figure 3: Coarse mesh 20× 20 with 400 cells (left) and 40× 40 with 1600 cells (right).
The other model parameters used are as follows:
• Test 1. Homogeneous matrix continuum properties with k1 = 0.5 · 10−6, k2 = 10−5 and kf = 1.
• Test 2. Heterogeneous matrix continuum properties (see Figure 7).
and c1 = 10
−5, c2 = 10−5, cf = 10−6. For mass transfer term, we set σ12 = σ21 = k1, σ1f = σf1 = k1
and σ2f = σf2 = k2. We set a point source on the fractures’ continuum (f) at the two coarse cells
[0.15, 0.10] × [0.15, 0.1] and [0.65, 0.6] × [0.9, 0.85] with q = ±10−3. As initial condition, we set p0 = 1. We
simulate tmax = 0.1 with 50 time steps for upscaled and fine-scale solvers.
We depict a multiscale basis functions for Test 1 and Test 2 on the Figures 4 and 5, respectively.
8
Figure 4: Multiscale basis functions on mesh 20× 20 for local domain K2 for triple-continuum model (dual
continuum background and fracture lines). Test 1
Figure 5: Multiscale basis functions on mesh 40× 40 for local domain K2 for triple-continuum model (dual
continuum background and fracture lines). Test 2
To compare the results, we use the relative L2 errors between fine grid in upscaled coarse grid models.
We calculate errors on coarse grid (eC) and on fine grid (eF )
eC =
||pC − p¯||L2
||pC ||L2 , e
F =
||p− p¯F ||L2
||p||L2 ,
where p¯ is the upscaled coarse grid solution, p¯F = R
T p¯ is the downscaled of fine grid solution for p¯, p is the
9
Figure 6: Numerical results for pressure at final time for Test 1. Top: first continuum. Bottom: second
continuum. First column: fine-scale solution, DOFf = 29842. Second column: coarse grid solution using
NLMC, DOFc = 3565. Third column: reconstructed fine grid solution using NLMC.
reference fine grid solution, pC is the coarse grid cell average for reference fine grid solution p and
||pC − p¯||2L2 =
∑
K
(pKC − p¯K)2, pKC =
1
|K|
∫
K
p dx.
We calculate errors for background first and second continuums.
The fine-scale system has dimension DOFf = 29842. The upscaled model has dimension DOFc = 993 for
coarse mesh with 400 cells (20×20, and DOFc = 3565 for coarse mesh with 1600 cells (40×40). In Figures 6
and 7, we present the fine scale solution for Test 1 and Test 2 with homogeneous and heterogeneous matrix
continuum properties at final time of simulation. The first row present solutions on the fine grid and on
the second row we depicted a coarse grid upscaled solution using proposed method. For basis calculations,
we use oversampled domain K+ with 4 coarse cells layers oversampling. We observe good accuracy of the
proposed method with less than one percent of error for all test cases.
In Tables 1 and 2, we present relative errors for two coarse grids and for different numbers of oversampling
layers Ks with s = 1, 2, 3 and 4 for Test 1 with homogeneous matrix properties. The relative errors for Test
2 with heterogeneous properties, we present on Table 3 for different numbers of oversampling layers Ks
with s = 1, 2, 3 and 4 on 40 × 40 coarse grid. We present relative errors for different time layers, tm with
10
Ks s = 1 s = 2 s = 3 s = 4
Coarse grid: 20× 20
m = 5 0.521 0.126 0.123 0.124
m = 15 0.520 0.133 0.132 0.131
m = 25 1.072 0.112 0.103 0.102
m = 35 1.678 0.114 0.076 0.073
m = 50 2.533 0.154 0.061 0.054
Reconstructed fine grid
m = 5 15.216 3.486 0.785 0.265
m = 15 15.224 3.481 0.777 0.232
m = 25 15.255 3.474 0.773 0.206
m = 35 15.315 3.469 0.770 0.189
m = 50 15.443 3.467 0.769 0.181
Ks s = 1 s = 2 s = 3 s = 4
Coarse grid: 20× 20
m = 5 0.303 0.069 0.057 0.057
m = 15 0.850 0.109 0.058 0.055
m = 25 1.324 0.135 0.044 0.039
m = 35 1.712 0.161 0.034 0.025
m = 50 2.132 0.196 0.026 0.014
Reconstructed fine grid
m = 5 15.204 3.470 0.769 0.181
m = 15 15.230 3.466 0.768 0.180
m = 25 15.323 3.465 0.767 0.176
m = 35 15.457 3.644 0.766 0.173
m = 50 15.679 3.464 0.765 0.172
Table 1: Relative errors on the coarse grid and reconstructed fine-grid solutions for Test 1. Coarse mesh:
20× 20. DOFc = 993 and DOFf = 29842. Left: first continuum. Right: second continuum.
Ks s = 1 s = 2 s = 3 s = 4
Coarse grid: 40× 40
m = 5 0.192 0.046 0.039 0.039
m = 15 0.531 0.097 0.038 0.038
m = 25 0.836 0.170 0.029 0.028
m = 35 1.124 0.243 0.022 0.019
m = 50 1.496 0.336 0.023 0.012
Reconstructed fine grid
m = 5 13.919 3.098 0.657 0.150
m = 15 13.941 3.105 0.657 0.148
m = 25 13.961 3.111 0.657 0.146
m = 35 13.982 3.117 0.657 0.144
m = 50 14.013 3.126 0.657 0.143
Ks s = 1 s = 2 s = 3 s = 4
Coarse grid: 40× 40
m = 5 0.303 0.046 0.013 0.016
m = 15 0.850 0.166 0.008 0.014
m = 25 1.324 0.279 0.016 0.008
m = 35 1.712 0.376 0.026 0.003
m = 50 2.132 0.483 0.038 0.001
Reconstructed fine grid
m = 5 13.924 3.100 0.655 0.143
m = 15 13.957 3.108 0.656 0.143
m = 25 13.995 3.118 0.656 0.142
m = 35 14.035 3.129 0.656 0.142
m = 50 14.087 3.144 0.657 0.142
Table 2: Relative errors on the coarse grid and reconstructed fine-grid solutions for Test 1. Coarse mesh:
40× 40. DOFc = 3565 and DOFf = 29842. Left: first continuum. Right: second continuum.
m = 5, 15, 25, 35 and 50. We notice a huge reduction of the system dimension and very small errors for
unsteady mixed dimensional coupled system when we take sufficient number of the oversampling layers. For
example, when we take only one oversampling layer for construction of the local domains, we obtain large
errors for reconstructed coarse grid for both test cases. When we construct multiscale basis functions in K4,
we obtain less then one percent of errors for both continuum for the upscaled coarse grid solution and for
reconstructed fine grid solution.
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Figure 7: Numerical results for pressure at final time for Test 2. Top: first continuum. Bottom: second
continuum. First column: heterogeneous permeabilities, k1 and k2. Second column: fine-scale solution,
DOFf = 29842. Third column: coarse grid solution using NLMC, DOFc = 3565.
The fine-scale systems have size DOFf = 29842 with solution time 69.74 seconds for Test 2. The upscaled
model on 40 × 40 coarse mesh has DOFc = 3565 with solution time 4.84 seconds for K4 and 3.85 seconds
for K1. We note that, the number of oversampling layers affect to the sparsity of the system but number of
degrees of freedom is similar for any number of oversampling layers. The proposed method is shown to be
very efficient and provides good accuracy.
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Ks s = 1 s = 2 s = 3 s = 4
Coarse grid: 40× 40
m = 5 0.299 0.049 0.043 0.045
m = 15 0.821 0.165 0.051 0.061
m = 25 1.275 0.300 0.047 0.060
m = 35 1.641 0.422 0.047 0.054
m = 50 2.022 0.559 0.057 0.044
Reconstructed fine grid
m = 5 24.415 6.014 1.444 0.344
m = 15 24.292 5.999 1.446 0.344
m = 25 24.224 5.996 1.447 0.341
m = 35 24.182 5.999 1.447 0.339
m = 50 24.145 6.006 1.447 0.338
Ks s = 1 s = 2 s = 3 s = 4
Coarse grid: 40× 40
m = 5 0.195 0.104 0.100 0.099
m = 15 0.494 0.201 0.182 0.181
m = 25 0.746 0.270 0.230 0.229
m = 35 0.960 0.326 0.259 0.258
m = 50 1.210 0.390 0.277 0.276
Reconstructed fine grid
m = 5 25.416 6.314 1.601 0.577
m = 15 25.406 6.332 1.665 0.716
m = 25 25.380 6.339 1.677 0.741
m = 35 25.354 6.344 1.673 0.733
m = 50 25.328 6.351 1.661 0.713
Table 3: Relative errors on the coarse grid and reconstructed fine-grid solutions for Test 2. Coarse mesh:
40× 40. DOFc = 3565 and DOFf = 29842. Left: first continuum. Right: second continuum.
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